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3. Preliminary numerical evidence of compressibility
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4. Bridging (fastened) CBF and (fastened) helical
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Local “chiral base

flow/field (CBF)": Equivalence Compressible
real Schur form principle helical turbulence
matrix
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analogy/parallelism

(not necessary but helpful)

Gravitation theory (?)

Local “special
relativity”:
diagonal matrix

Equivalence General
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Part 1:
Fastened
“chiral/helical base flow/field (CBF)":

the geometry of
Taylor-Proudman effect:

not that usually understood
FLE "FHEEXNRIE" . TPEIEEEFTIEE L)




Local chiral/helical base flow/field (CBF)
[c.f., J.-Z. Zhu, Phys. Fluids 30, 031703 (2018)]

C. I. Keylock and S. Tian ef al. have applied RSF in their respective studies
of flow structures (private communications, 2017 and 2018).
U U 5The local RSF could be helpful for clarifying the global regularity issue.
.y <Y And, this is reminiscent of the locally inertial coordinates. supporting the
% uz % principle <.'Jj: equivalence in generul rel-ativil'y. We can also work with oth?r
7 2 vector gradients, whose antisymmetric parts correspond to the magnetic

u.LSL “’y,i‘ uz,:i:

field. the electric current or else, and may formulate a kind of principle of

Real Schur form (RSF) equivalence for the specific dynamics.
REpFIERFTR/ 15
Uyz =0 = ity g, (6)

with which locally two-component-two-dimensional coupled-
with-one-component-three-dimensional (2C2Dcw 1C3D) flow
results, and with which we here also call G an RSE. Then, from
Eq. (4). we now have

(1)“) = (0, O.. ”\,._x == HX.._}')* (7)

and, as in Eqgs. (2) and (3),

i |
0" = (ugy, —itzx,0) = ws. (8)



Boost to the rotating frame
(R EIHEEITED)

tegration by parts. Now, for given H, we introduce such
‘mean rotation’ rate {2 along the vertical direction that,
for the relative velocity

u =u— 2 Xr=(uy+yQu, — 9, u,)

[thus ' = x4+ yQt, 3y = y— 20Ot and 2’ = z], the helicity
of w' =V x u/ vanishes, i.e.,

'H":%/w’-u’d?’r:@?

with € determined, from
wu—w-u =Q2u+(rxw)] = Q- 2u+(rxw)] (16)

for general u and Eqs. (13]14) for CBF, by

2u, + 7 x (V x u,)|dr

ey d]
=1t 2)

(17)

Our strategy is to reduce the relevant H effect on u =
u' + Q x r to the Q effect on the relative motion with no
helicity via “boost” to the rotating frame, for the CBF



the Taylor-Proudman effect

55 Taylor-Proudman | Z3MN

Of “faSte n i n g (not two-dimensionalization)

In the CBF, for any material circuit ¢(t) with horizon-
tal projection area A(t) = ch( ;) ©dy — yda, the circulation

jg u-dr:f u' - dr + 204 (19)
e(t) c(t)

is invariant, if the pressure term does not contribute
(as in the barotropic case). If ¢ w' - dr varies com-
paratively slowly, A changes little, which is the geomet-
rical argument to prove the TPE by Taylor® for the
two-dimensionalization of incompressible rotating flows.

knots “fasten” the gas. Indeed, A — 0V ¢(t) results in

d.up = 0 and Vy, - up 1= 0,u, + Oyuy — 0, (20)
but with no explicit constraint on du../ (21)

The latter half of Eq. @ which implies that the hori-
zontal compressibility V, - up may be reduced by (finite)
rotation, even for a time-dependent flow (Ref. with
analogues for plasma flows and extensions for flows




The mechanics/geometry of

Taylor-Proudman fastening effect
FHAEBN 2 iR DF/ N

v u v
. . . . . 9
We now take the (projected) circuits in the compressible D)
CBF to be any of the velocity streamlines screwing on /\)

the cylindrical surfaces and probably closing at infinity

or at the periodic boundary with finite circulation in the

stream-screw scenario®3 or, to be any of the horizontal

vorticity ]oop% binding the vertical ones in the vortez-knot s
scenario both caricatured clearly in Flg . A chang- -

ing little geometrically demonstrates that the screws and
knots “fasten” the gas. Indeed, A — 0V ¢(¢) results in | é I i '
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Part 2:
Indications of fastened turbulence:

statistical constraints of helicities
(BRI E 7




Aerodynamics (HD)

p=c?p and p = ppe’ with an equilibrium py.
The equations of motion then write

0:t( + Calla + Ua,a =0, (2)

&gu;\ + UsUN o + CQCE)\ = ?’)9;\515 = U, (3)

where 0,3 = Uq g + Ug.a — %(5311055, (o) , = O(e)/0x".
approximation for the ideal invariant of total, kinetic plus

P f 2 -2
P—Po, _C G —
5—dp ~ > for small ) (4)

internal /potential ( /
0 f}

mean energy per unit mass:

(w? + 3¢ Yglan(k)az (k) + IC(k)[?

&= 2 2

(5)




(=S [EPp-i(@)+EP)p - iy(@)] + iy (), (2.4)

p+q=k

i) (k) = N (k) + k¢ (), 2.5)
i, (k)=N,(k), (2.6)

with N=u-Vu=@w+u,)-Vu +u,), showing the complicated interactions (with,
say, M(k) = (uy-Vu) + (u - Vu|)| + (u, - Vu|)| + (u - Vu¢)|), of the acoustic

Onsager, L. (1945: one line in a letter to Lin, C.-C.)

Lee, T.-D. (1952)

Kraichnan, R. H. (1955)
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On the Statistical Mechanics of an Adiabatically Compressible Fluid*}

RoBERT H. KRAICHNAN

1 . . . - 1 N ~
E=3 ; live 1P+ 18- P+ iy + 1S 2, H= Zk:klmlz — k.

I Fluid Mech. (2016), vol. 787, pp. 440-448. (© Cambridge University Press 2015 440
doi: 10.1017/jim.2015.692

Isotropic polarization of compressible flows

Jian-Zhou Zhu'2t P- 443 :

(k) = it (k)h., (k) + ii_ (k)h_ (k) + iy (k)k /k

Ut (k) £ (i |*) =

C=oE+ BH

. 2.8
o + Bk 4

U=(k) = (|a_|*) =
o

We see that the spectra are directionylly AS ic; butsAvhen B or H 1s not zero,
energies are polarized, except for the” equipartition between the dilatational and
density/pressure modes; and, the vortical-mode energy 1s larger than the ‘acoustic’
one,

UtL2UT+U >U AZ4+ U, (2.12)

which indicates that helical states tend to have hicher vorticity-mode energy and
regduce ‘poise’: see further discussions in the next section. (It 1s interesting, though




Such statistical dynamical (thermalization) mechanism
and consequent property may be expected to persist for
turbulent flows in which the energy damping and injec-
tion mechanisms are independent of helicity, but the dis-
cussions for cases with forcing and dissipation, where
other effects enter_ (to assist or resist the m
and other phénomena mingle (to encrease or decrease

the property), should of course be careful, as performed

Note that the notion of ‘flow compressibility’ in this
note is not that defined by dp/0p through the state equa-
tion, the latter of a gas is not indicated to be directly
changed when we say “compressibility reduction”: We
mean, even if the state equation is fixed, the strength of
the fluctuations of velocity divergence and of density is
(relatively) reduced.

Jian-Zhou Zhu, 2016, J. Fluid Mech., P. 445:
to a tendency of BW between the two modes’, suggested by K55

as the authors explicitly referred to, may not be urable strongly helic

compressible turbulence. Our (2.12), U~ > U™, in the AE state might be extrapolated
to more general cases, which could be preliminarily seen by perturbing the last term
of (2.2) and simply check the corresponding results. Unfortunately, it seems to us that
no documentation of compressible helical turbulence data has been made available,
and relevant in-silico or laboratory experiments are called for.




magnetoaerodynamics (MAD/MHD)

atb—VX(qu):UE
Vxbxb i

ou+u- - Vu+c2V(+
po exp{(}

Aok E By)
(402 — Bkt 4a B8y
4 k)
(4a? — @(32))’4: +4aBp

Uit (k) = {|a+]?) =

Uss (k) = {|oz]?)=
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E=

B3| =

~ ~ ~ -~ l ~ ~
Dl P+l + | + P15 P, 4 ;HﬁZklunz—m_ﬁ C=aE+pH
k k
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Isotropic polarization of compressible flows

Jian-Zhou Zhu'*{

1
a+ pk’

U* (k) £ (| |*) =

U= (k) £ (|i-|") = ——
o

Zh) & (212 =

Ulk) £ (4% =

We see that the spectra are directionallyisotropic; but,/when B or H 1s not zero,
energies are polarized, except for th¢ equipartition between the dilatational and
density/pressure modes; and, the vortical-mode energy 1s larger than the ‘acoustic’
one,

VLAt U >UAZ4+ U, (2.12)

which indicates that helical states tend to have hicher vorticity-mode energy and
reduce ‘poise’: see further discussions in the next section. (It 1s interesting, though




Extended magnetoaerodynamics:
XMAD/XMHD

Oyu = =V [l +u?/2+ (d.V x b)?/(2p%)] +
+ux (Vxu)+ (Vxb)xb/p, (22)

O:b =V x (u X 5) — d;V X {(V X b) X 5/,@] -
+d2V x [(V x b) x (V x u) /p],(23)

with d; and d. being the ion and electron skin depths, 11
the enthalpy, and, for notational convenience,

b:=b+d*’Vx(Vxb),Vxa=b (24)



indeally invariant XMHD helicities, H ﬂ;:: (a- b+ dgw -
w)/2 and He := (2u - b+ d;w - w) /2, thus

1 —— o
Hu =5 ;(Skdilﬂ*\g +s|6°12/k),  (26)

1 &, |
He = > (@%b + c.c. + skdi|@°|?). (27)

k.s

From the canonical distribution ~ exp{—(a& + By Hnr +
BcHe)}, we have, besides the same Eq. @] for density
and parallel /compressive modes,

1
a £ k(Bud; + Bodi) —

U (k) =
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We see that the spectra are directionallyisotropic; but,/when B or H 1s not zero,
energies are polarized, except for th¢ equipartition between the dilatational and
density/pressure modes; and, the vortical-mode energy 1s larger than the ‘acoustic’
one,

VLAt U >UAZ4+ U, (2.12)

which indicates that helical states tend to have hicher vorticity-mode energy and
reduce ‘poise’: see further discussions in the next section. (It 1s interesting, though




Two-fluid plasma model: Statistics

~ exp{—(a& + BcHe+ BiHi)} with the constraints of the
(approximate) invariant energy

E=(E*+b*+ Z(Pﬂx“i + fﬁiCﬁ))/Q (38)

X

and the self-helicities, defined by the canonical momenta
Py = ULTNCTN + gya,

Hy, 2=V % Py~ PyY[2) ot ¥ =4 and e, (39)

which can be represented, similar to Eqs. l@ @l in the
Fourier space with the Helmholtz and helical decomposi-

tions, resulting in, among others, the equipartitioned

Z, (k) = (21&xl) = — = {poxling[?) = Ul (k). (40)

(IE[2) = = or the finner {|E4|?) = (|B|?) =

: é (41)



Two-fluid plasma model: geometry
in the fastened electric field

The explicitly E-related Maxwell equation with clear ge-
ometrical picture is the Gauss law, besides V - b = 0,

q 2 4 Ay .
V-E:Z#px or E|:—’EZ —X b, (42)

m-k
X X % x|

stating (with unit electric dielectric coefficient in the ap-
propriate units and scales) that the electric displacement
flux out of a surface enclosing a volume is the sum of
the linear combination of masses (interpreted from the
particle number densities for computing the total charge
densities). If the density fluctuations of the two fluids
are (approximately) independent, as is the case for the
absolute-equilibrium ensemble, it is directly seen that the
variance of E) is accordingly also the linear combmatmn

such an effect through the thermalization process. This



Part 3:

Preliminary numerical evidence
of compressibility reduction

With Yan YANG, Jun PENG and Jinxiu XU



indirectly “verifying”
Zhu’s (JFM2016)
prediction

Helical
quantum
turbulence

P. CLARK DI LEONI, P. D. MININNI, AND M. E. BRACHET

PHYSICAL REVIEW A 94, 043605 (2016)

H, Energies

10!

10°

10~

easing the helicity
_constraint

release of compressive

and pressure energies

FIG. 6. Evolution of helicity and all energy components during
the decay of a quantum turbulent flow with ABC initial conditions
using 10243 grid points. Both helicity and the incompressible kinetic
energy start to decay at around 7 =~ 4, in a correlated manner. The
incompressible energy is redistributed into the other components, but
the helicity is, in principle, dissipated.




LooleBERMERFEAFTS W BERE > 20165 -
Wi | Lol FITH

HATE I & i iAsh )15

SRR

[HE] : FlandauT1MIFRENAAZERBTHUEE. BRI — LA FFZAIREE (FLID, London), R HAEFR
REE LB S —FETHRENNFREMNF. TN REMZREBLronig, ThellungfZimanF AL M, T £ H
MEMANFHTET, ERFRAEREHClebschTERFHIF RG] &F

[EEEf] : AETRERERERE T RSHRSL

Y. Yang & J.-Z. Zhu, “Reducing the Noise Level by Control
ling the Degree of Chirality.” Chinese Conference on Computa
tional Mechanics in conjunction with International Symposiun -
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Yang, Y., Xu, J.-X., PENG, J. & Znu, J.-Z. 2019 Helicity hardens the gas.
arXiv:1901.00423 [physics.flu-dyn].
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Part 4:

Bridging CBF and turbulence:
CBF-structure ensemble theory:
the equivalence principle for
compressible helical turbulence
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Bridging
CBF and turbulence
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chiral/helical-base-flow/field (CBF)
molecule ensemble: CBF gas kinetics

Uy Uzz
Vyeu = Uy,y Uzy
M Uz 2
ay?$ aIZF:L-
Vea = Ay,y QAzy

9?9,/2 az,z

Equivalence principle (to be continued)

In the multi-field case, such as MHD and beyond, the
gradients of different fields require their own (improper)
rotations to reach the real Schur form, thus we may say

' es at different locafio ‘similar’
to O(3) x O(3) x ... with each rotation of each
epending on the location, a kind of ‘gauge similar struc
, ending the above HD discussions to
ids, with the analogues of the 2 is straightforward,
as already indicated in Fig. for the case of aligned
mean magnetic field B (for MHD: otherwise, for XMHD
and TFPM, the mean field corresponding to the would-be
ideally fronzen flux associated to the invariant general-
ized helicity); see Appendixfor a brief summary of the
extension.

spectrum, and the turbulence to be an ‘ideal (classical)
gas’ of such molecules. Thus, the given energy and he-
licity spectra of the molecular CBF determine directly
those of the gas, like a rea as: that is, such a tur-
bulence erre
elicity. The underlying ‘equivalence principle’ hypothe
sis here is that ‘gauge similarity’ of local real Schur field
ructures can be eﬁeetively rep]aeed by ‘gauge identity’
Or Mue :
freedoms of differemnce S erested in here)
of (g)CBFs, together with the removal of the interactions.




Ensemble of molecular
(giant/global) (g)CBFs for isotropic
compressible helical turbulence

(too?) simple minimal

* Global CBFs over * "Local’-but-giant
the whole flow CBFs in some
domain randomly coarse-grained
distributed in an sense located
iIsotropic and randomly in space
independent way and isotropically

. For self-similar (scaling-law) turbulence, the | distributed, with

. proper scale dilatation "does not matter: / K int ti
. statistical gauge invariance: Schur+Weyl no/weak Interaclions

______________________________________________________

~

~

O(3) gauge similaﬁﬁ‘%identity or stronger similarity



Why reduce to the mean rotation
instead of the mean velocity?

Mean velocity Mean rotation
» Galilean » Taylor-Proudman
Invariance, thus effect, thus
trivial with no nontrivial with
consequence fastening
consequence

Akin to Kraichnan's (1964)
random Galilean transformation



Another loose analogy:

gCBF and gMW: just for motivating possible physical pictures

f
RSO A R |
% 3 7
7 v N\

When Atoms Behave as Waves

High
Temperature T:
thermal velocity v

density d2
"Billiard balls"

Low
Temperature T:
De Broglie wavelength
Age=h/mv o T-1/2
"Wave packets"

T=Tcrit:
Bose-Einstein

Condensation
A ~d

"Matter wave overlap"

=0:
Pure Bose
condensate
"Giant matter wave"

CBFs of positive
cosines of their vorticity
angles (‘similar’) but
with opposite helicities
may attract each other
(reminiscent of the
Cooper pair in the BCS
theory of
superconductivity) to
form (local) gCBFs of
helicity H with no or
weak interactions




And, more details, Galilean and Lorentz invariances, Taylor-Proudman
fastening and Einstein length-contraction effects ...... , in the big analogy:

Ensemble theory of compressible
helical turbulence

Local “chiral base

flow/field (CBF)”: Equivalence Compressible
real Schur form principle helical turbulence
matrix
(loose)
analogy/parallelism

(not necessary but helpful)

Einstein (gravitation?) theory

Local “special
relativity”:
diagonal matrix

Equivalence General
principle relativity



Part 3:
Possible applications
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“Excellent for the reader who wants to
understand the fusion quest.”
De Bernard Bigot

Breee - Crenernl ol the TTFR pogent

The Future of
Fusion Energy

Wb worid scientific

“Unlike other organisms and viruses, coronavirus has RNA as their genetic material --- a very rare form of the virus. It's an RNA
virus. The ribonucleic acid of it is surrounded by the nucleocapsid. The capsid of coronavirus is helical in symmetry.”
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