Magnetic winding — a key to unlocking
topological complexity in flux emergence

David MacTaggart

University of Glasgow

david.mactaggart@glasgow.ac.uk

Joint work with Chris Prior (Durham)

David MacTaggart Magnetic winding



Overview

Introduction

Winding

Flux emergence
Summary & Discussion

Helicity Library

David MacTaggart Magnetic winding



Introduction

Solar magnetic fields

Figure: Twisted solar prominence (SDO)
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Introduction

Field line topology

» Twisted field — coronal mass ejections (CMEs)
» Braided field — reconnection & flares

In order to understand how eruptions form, we need to understand
their field line topology. This, of course, is where helicity enters.
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Introduction

Classical helicity

In a simply connected domain €, with B - n = 0 on 0%, the
magnetic helicity is defined as

H:/A-BdV,
Q
where V x A = B.

H is an invariant of ideal MHD and, with the above boundary
conditions, is gauge invariant, i.e. invariant to the transformation
A— A+ Vo

David MacTaggart Magnetic winding



Introduction

Coulomb gauge

In order to link helicity to topology, we need to consider a
particular gauge. Using the Coulomb gauge

V-A=0,

the helicity can be written in the form

1// X—Yy 3 3
H=— B(x)- B(y) x ~—Y_a3xa3y.
ar Ja Ja (x)- Bly) Ix —yP3
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Introduction

Coulomb gauge

In order to link helicity to topology, we need to consider a
particular gauge. Using the Coulomb gauge

V-A=0,

the helicity can be written in the form

1 —
H= / / B(x)- B(y) x =~ _a3xd3y.
47 R3 JR3 ‘ -
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Introduction

Coulomb gauge

In order to link helicity to topology, we need to consider a
particular gauge. Using the Coulomb gauge

V-A=0,

the helicity can be written in the form
1 _
H= / / B(x)- B(y) x =~ _a3xd3y.
A7 R3 JR3 ‘ —

Where is the topology here?
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Introduction

Hopf link

Consider the magnetic field confined to two “thin" linked loops.

G G

Figure: Two loops C; and G, linked once with given directions.

Let the fluxes be ®; and ®».
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Introduction

Gauss linking number

The key quantity here is the Gauss linking number

1 dx dy -y
Lk = — dsd
(X,y) 47 /x(s) /y( dS dJ ’X —y]3 sao

This measures the algebraic linkage of loops and Lk € Z.
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Introduction

Gauss linking number

The key quantity here is the Gauss linking number

1 dx dy -y
k(x,y) = / / dsdo.
( y) 4m x(s) Jy(o) dS ’X - y’3

This measures the algebraic linkage of loops and Lk € Z.
Now compare to the helicity

1 X—Y 3 3
= — B - B d>xd’y.
W/R/R () By) x S5 xdly
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Introduction

Gauss linking number

The key quantity here is the Gauss linking number

1 dx dy -y
k(x,y) = / / dsdo.
( y) 4m x(s) Jy(o) dS ’X - y’3

This measures the algebraic linkage of loops and Lk € Z.
Now compare to the helicity

1 X—Y 3 3
= — B - B d>xd’y.
W/R/R () By) x S5 xdly

Helicity is Gauss linkage weighted by magnetic flux.
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Introduction

Back to the Hopf link

G G

The Gauss linking number is Lkio = Lkp; = —1. With fluxes &4
and (D2, H= 2Lk12¢1¢2 = *2¢1¢2.

David MacTaggart Magnetic winding



Introduction

Back to the Hopf link

G G

The Gauss linking number is Lkio = Lkp; = —1. With fluxes &4
and (D2, H= 2Lk12¢1¢2 = *2¢1¢2.

This basic idea of “topology weighted by flux" can be extended to
more complex fields.
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Introduction

Back to the Hopf link

G G

The Gauss linking number is Lkio = Lkp; = —1. With fluxes &4
and (D2, H= 2Lk12¢1¢2 = *2¢1¢2.

This basic idea of “topology weighted by flux" can be extended to
more complex fields.

However, the fields for solar eruptions of interest are not closed...
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Introduction

Relative helicity
> Magnetic fields in the solar atmosphere are connected to the
lower boundary (B - n # 0).
> We need a different meaure of helicity.

> We use relative helicity Hg, which compares the
“entanglement” of two different magnetic fields with the same

boundary conditions.
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Introduction

Relative helicity

Let B be the main field and B’ be the reference field with
B-n=B'-non 0.
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Introduction

Relative helicity

Let B be the main field and B’ be the reference field with
B-n=B'-non .
The (gauge invariant) relative helicity is given by

HRZ/Q(A+A’)-(B—B’)dV,

where VxA=Band Vx A =B
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Introduction

Relative helicity

Let B be the main field and B’ be the reference field with
B-n=B'-non .
The (gauge invariant) relative helicity is given by

HRZ/Q(A+A’)-(B—B’)dV,

where VxA=Band Vx A =B
In order to understand the underlying topological structure of Hg,
we need to consider a specific gauge (just as for classical helicity).
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Winding

Winding - the basics

Consider a Euclidean space with the standard Cartesian basis
{e1, ez, e,}. Let P be a horizontal plane and consider two curves,
x and y, monotonically increasing in the e,-direction.

/

\
B
=7
€T
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Winding - the basics

The winding has the expression

1 d

h
L(xy) = 5 /0 Lo(x(2), y(2)) dz.
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Winding - the basics
The winding has the expression

h
Llxy)= 5 /0 Lo(x(2). y(2)) dz

This can be integrated to give

L(x,y) = %[H(X(h),y(h)) — 0(x(0),y(0))] + n,

where n € Z is the number of full rotations of the “joining vector”
(from the diagram) around the origin.
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Winding

Non-monotonic curves
What about curves that are not monotonically increasing in height?
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Winding

Non-monotonic curves
What about curves that are not monotonically increasing in height?
Suppose x and y have n and m distinct turning points respectively, that
is points where dx,/dz =0 (x-e, = x;) or dy,/dz =0 (y - e, = y;).
Now split x into n+ 1 regions and y into m + 1 regions. In each region,
curve sections x; and y; share a mutual z-range [zmm, z;7**]. Hence, in
each section, monotonic winding can be applied and the total winding
can be written as

max

=33 A [ gxi(2).,2)

min
V4

i=1 j=1 i
where o(x;) is an indicator function marking where the curve section x;

moves up or down in z, i.e.

1 if  dx/dz >0,
o(x;))=¢ -1 if dx,/dz<0,
0 if dx,/dz = 0.
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Winding

Winding helicity
In our “stacked” domain, we can find a useful vector potential. For
reasons soon to be discussed,

r

1
AW(X17X272) = 27T/S B(}/1>Y2a2) X WdZ}/a

is called the winding gauge (S, is a slice at height z). It satisfies
v, -AY =o.
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Winding

Winding helicity
In our “stacked” domain, we can find a useful vector potential. For
reasons soon to be discussed,

r

1
AW(X17X272) = 27T/S B(}/1>Y2a2) X WdZ}/a

is called the winding gauge (S, is a slice at height z). It satisfies

v, -AY =o.
We can then define a winding helicity as

HW:/AW~BdV.
Q
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Winding

Winding helicity

In our “stacked” domain, we can find a useful vector potential. For
reasons soon to be discussed,
r

1
AW(X17X272) = 27T/S B(}/1>Y2a2) X WdZ}/a

is called the winding gauge (S, is a slice at height z). It satisfies

v, -AY =o.
We can then define a winding helicity as

HW:/AW~BdV.
Q

But why do we call this winding helicity?
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Winding helicity

The winding helicity can be written as

—0(x,y)B L (y) d?x d?y dz.
/ /M 2 . (x)B.(y)
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Winding helicity

The winding helicity can be written as

—0(x,y)B L (y) d?x d?y dz.
/ /M 2 . (x)B.(y)

This is the local pairwise winding of field lines weighted by
magnetic flux.
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Winding helicity

The winding helicity can be written as

—0(x,y)B L (y) d?x d?y dz.
/ /M 2 . (x)B.(y)

This is the local pairwise winding of field lines weighted by

magnetic flux.
So we are back to the “topology weighted by flux" description that
we had for classical helicity.
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Winding helicity

The winding helicity can be written as

/ /sxs 5006, Y)B:(x)Bx(y) dx d%y dz.

This is the local pairwise winding of field lines weighted by
magnetic flux.

So we are back to the “topology weighted by flux" description that
we had for classical helicity.

But how does this relate to relative helicity?
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Winding

Relative - winding connection

The relative and winding helicities are connected via
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Winding

Relative - winding connection

The relative and winding helicities are connected via

Hr(B,B') = HY(B) — H"(B').

If the reference field is chosen such that HY(B’) = 0, these forms
of helicity are equivalent.
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Winding

Relative - winding connection

The relative and winding helicities are connected via

Hr(B,B') = HY(B) — H"(B').

If the reference field is chosen such that HY(B’) = 0, these forms
of helicity are equivalent.

Thus, for the stacked domain that we have been considering,
winding provides the underlying topological description of relative
helicity.
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Winding

Brief recap
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Winding

Brief recap

» Classical helicity - pairwise linkage + magnetic flux
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Winding

Brief recap

» Classical helicity - pairwise linkage + magnetic flux

> Relative helicity - for open magnetic fields
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Winding

Brief recap

» Classical helicity - pairwise linkage + magnetic flux
> Relative helicity - for open magnetic fields

» Winding helicity - pairwise winding + magnetic flux

David MacTaggart Magnetic winding



Winding

Brief recap

» Classical helicity - pairwise linkage + magnetic flux
> Relative helicity - for open magnetic fields
» Winding helicity - pairwise winding + magnetic flux

» Connection between winding helicity and relative helicity
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Winding

Brief recap

Classical helicity - pairwise linkage + magnetic flux

Relative helicity - for open magnetic fields

| 4

>

» Winding helicity - pairwise winding + magnetic flux

» Connection between winding helicity and relative helicity
>

What next?

David MacTaggart Magnetic winding



Winding

Magnetic winding

We now introduce a related quantity called magnetic winding.
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Winding

Magnetic winding

We now introduce a related quantity called magnetic winding. We
renormalize the winding helicity in order to remove the magnetic
flux weighting.

/ /5 76 (x,y)o(x)a(y) d®*xd’y dz.
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Winding

Magnetic winding

We now introduce a related quantity called magnetic winding. We
renormalize the winding helicity in order to remove the magnetic
flux weighting.

/ /5X5 L0xy)o(x)o(y) d*xd%y dz.

This quantity depends only on the geometry of field lines and not
on the strength of the magnetic field.
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Winding

Magnetic winding

We now introduce a related quantity called magnetic winding. We
renormalize the winding helicity in order to remove the magnetic
flux weighting.

/ /st dzexy) o(x)o(y) d®x d?y dz.

This quantity depends only on the geometry of field lines and not
on the strength of the magnetic field.
For fixed boundary conditions, L is a topological invariant.
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Winding

Why do we need magnetic winding?
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Winding

Why do we need magnetic winding?

Claim: magnetic winding can provide different and, perhaps, more
detailed, information about the underlying field line topology than
helicity.
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Winding

Why do we need magnetic winding?

Claim: magnetic winding can provide different and, perhaps, more
detailed, information about the underlying field line topology than
helicity.

Reasons to justify this are:
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Winding

Why do we need magnetic winding?

Claim: magnetic winding can provide different and, perhaps, more
detailed, information about the underlying field line topology than
helicity.
Reasons to justify this are:
1. If a magnetic field registers a significant topological signature
(winding) but has weak flux, the helicity could be small.
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Winding

Why do we need magnetic winding?

Claim: magnetic winding can provide different and, perhaps, more
detailed, information about the underlying field line topology than
helicity.
Reasons to justify this are:
1. If a magnetic field registers a significant topological signature
(winding) but has weak flux, the helicity could be small.

2. If a magnetic field registers a small topological signature
(winding) but has strong flux, the helicity could be large.
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Winding

Why do we need magnetic winding?

Claim: magnetic winding can provide different and, perhaps, more
detailed, information about the underlying field line topology than
helicity.
Reasons to justify this are:
1. If a magnetic field registers a significant topological signature
(winding) but has weak flux, the helicity could be small.

2. If a magnetic field registers a small topological signature
(winding) but has strong flux, the helicity could be large.

3. Magnetic winding and helicity, despite being intimately
related, do not always behave in the same way.
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Simple comparison

Theorem

Consider a linear force-free magnetic field B, with force-free
parameter «, in a stacked domain 0, subject to constant magnetic
diffusion n. There is no fluid flow.

L[B(t)] = L[B(0)] and HY[B(t)] = H"[B(0)] exp(—2a?nt).
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Winding

Simple comparison

Proof.
The quasi-static induction equation is
%?Z—VX(HVXB).
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Winding

Simple comparison

Proof.
The quasi-static induction equation is
%?Z—VX(HVXB).

Jette's theorem states that the only magnetic fields that remain
force-free, subject to the above equation, are linear force-free fields

(V x B =aB).

David MacTaggart Magnetic winding



Winding

Simple comparison

Proof.
The quasi-static induction equation is
%?Z—VX(HVXB).

Jette's theorem states that the only magnetic fields that remain
force-free, subject to the above equation, are linear force-free fields
(V x B =aB). Itis clear, after substitution, that

B(t) = B(0) exp(—a?nt).
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Winding

Simple comparison

Proof.
The quasi-static induction equation is
%?Z—VX(HVXB).

Jette's theorem states that the only magnetic fields that remain
force-free, subject to the above equation, are linear force-free fields
(V x B =aB). Itis clear, after substitution, that

B(t) = B(0) exp(—a?nt). Since the field line topology does not
change in time (only the field strength decays), L is a constant.
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Winding

Simple comparison

Proof.
The quasi-static induction equation is
%?:—Vx(anB).

Jette's theorem states that the only magnetic fields that remain
force-free, subject to the above equation, are linear force-free fields
(V x B =aB). Itis clear, after substitution, that
B(t) = B(0) exp(—a?nt). Since the field line topology does not
change in time (only the field strength decays), L is a constant.
Plugging in the above expression for the magnetic field gives the
required result for HV.

L]
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Flux emergence

A slight change in focus
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Flux emergence

A slight change in focus

» Until now we have focused on calculating helicity and winding
in 3D space.
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Flux emergence

A slight change in focus

» Until now we have focused on calculating helicity and winding
in 3D space.

» However, without the aid of a model, we cannot perform
these calculations with solar observations.
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Flux emergence

A slight change in focus

» Until now we have focused on calculating helicity and winding
in 3D space.

» However, without the aid of a model, we cannot perform
these calculations with solar observations.

> We have information at the photosphere
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Flux emergence

A slight change in focus

» Until now we have focused on calculating helicity and winding
in 3D space.

» However, without the aid of a model, we cannot perform
these calculations with solar observations.

» We have information at the photosphere - we can calculate
fluxes.
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Flux emergence

Domain

T

! \—t/
P

K_/

Q
P— S BN >
y
X

Figure: Domain of integration Q. The plane at time ¢t is denoted P(t).
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Flux emergence

Fluxes

The (time-integrated) fluxes of relative helicity and magnetic
winding are

/ /pX —0(x,y)B:(x)B.(y) d*x d®y dt,

p dt

/ [ qifey)otxaty) dxay de
pxp dt
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Flux emergence

P

Figure: Two footpoint intersections with P shown as red and black dots.
Their respective position vectors, x and y, are displayed with reference to
a chosen origin O. The pairwise winding angle measures the rotation of

x —y about O.
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Flux emergence

Flux emergence - toy example
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Flux emergence

Flux emergence - toy example

1.0}
0.8} Lr/IILRl~
N
0.6} |
0.4l Hp/|HRlloo |
0.2}
Time

02 04 06 08 10 12 14

Figure: Hg and Lg input integrated in time.
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Flux emergence

Simulation example
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Flux emergence

Simulation example
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Summary & Discussion

Summary
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Summary & Discussion

Summary

» Helicity describes field line topology weighted by magnetic
flux.
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Summary & Discussion

Summary

» Helicity describes field line topology weighted by magnetic
flux.

» For classical (closed field) helicity, topology is measured by
Gauss linkage.
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Summary & Discussion

Summary

» Helicity describes field line topology weighted by magnetic
flux.

» For classical (closed field) helicity, topology is measured by
Gauss linkage.

» For relative helicity (in a stacked region), topology is
measured by winding.
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Summary & Discussion

Summary

» Helicity describes field line topology weighted by magnetic
flux.

» For classical (closed field) helicity, topology is measured by
Gauss linkage.

» For relative helicity (in a stacked region), topology is
measured by winding.

» Winding can be separated from helicity.
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Summary & Discussion

Summary

» Helicity describes field line topology weighted by magnetic
flux.

» For classical (closed field) helicity, topology is measured by
Gauss linkage.

» For relative helicity (in a stacked region), topology is
measured by winding.

» Winding can be separated from helicity.

» Winding picks out topological complexity more clearly than
helicity in flux emergence.
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Summary & Discussion

Discussion
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Summary & Discussion

Discussion

» Winding flux should be measured in conjunction with helicity
flux in observations.
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Summary & Discussion

Discussion

» Winding flux should be measured in conjunction with helicity
flux in observations.

» Connection between winding and other helicity signatures, e.g.
“non-potential helicity ratios.”
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Summary & Discussion

Discussion

» Winding flux should be measured in conjunction with helicity
flux in observations.

» Connection between winding and other helicity signatures, e.g.
“non-potential helicity ratios.”

» Work in progress...more theory and simulations (and
observations) coming soon...
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Helicity Library

We now present a collection of papers related to the themes
discussed in this talk. The papers are classified by topic. This will

not represent an exhaustive list, but should act as a good starting
point for further exploration.
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Helicity Library

Our work on winding and flux emergence
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Helicity Library

Classical (closed field) helicity
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Helicity Library

Relative (open field) helicity
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Helicity Library

Helicity and winding
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