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Topics

• Theory for inhomogeneous turbulence
How to tackle strongly nonlinear and 
inhomogeneous/anisotropic turbulence 

• Dynamo coupled with large-scale flow
Cross helicity effect in dynamo 

• Global flow generation due to helicities
Helicity and cross-helicity effects in momentum 
transport
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How to tackle 
strongly nonlinear and 

inhomogeneous/anisotropic 
turbulence
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Equation of fluctuating velocity

turbulence–mean velocity 
interaction

turbulence–turbulence 
interaction

Linear in     and         , each (Fourier) mode evolves independently

Homogeneous turbulence, no dependence on large-scale inhomogeneity

Instability approach

Closure approach
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where

with the projection operator

Navier–Stokes equation in the wave-number space

Homogeneous turbulence
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Fig. 14 Symbolical expressions of the velocity u(k; t), the Green’s functionG, and the bare vertex
iMabc(k)
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Fig. 15 Diagrammatical representation of (224)

D D2

Fig. 16 Diagrammatical representation of (225)

expressions for the velocities u(k; t), u(L)(k; t), the Green’s functions g(k; t, t ′),
G(L)(k; t, t ′), G′(L)(k; t, t ′), and the bare vertex iMabc(k) as in Fig. 14. With these
symbolical expressions, (224) and (225) may be expressed in diagrammatical form
as in Figs. 15 and 16, respectively. The perturbation solution of Fig. 15 may be
expressed as in Fig. 17. Also, the perturbation solution of Fig. 16 may be expressed
as in Fig. 18.

(ii) Calculation Based on the Gaussian Statistics We assume that the linear field
velocity u(L)(k; t) is a random variable that obeys the Gaussian statistics in the
infinite past. With this assumption, we calculate the velocity correlation

Qαβ (k; t, t ′) =
⟨uα(k; t)uβ(k′; t ′)⟩

δ(k+ k′)
, (227)

and the ensemble average of the Green’s functionG′αβ(k; t, t ′),

Gαβ (k; t, t ′) =
〈
G′αβ (k; t, t ′)

〉
, (228)
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Fig. 17 Perturbation expansion of (224)
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Fig. 18 Perturbation expansion of (225)

with a (schematic) set of equations

LQαβ (k; t, t ′)

LGαβ(k; t, t ′)

⎫
⎬

⎭ = Functional of Q
(L)
αβ and G

(L)
αβ , (229)

whereQ(L)
αβ is the correlation function based on u(L).

Corresponding to the symbolical representations of Fig. 14, we introduce the
symbolical representations of the second-order velocity correlationsQab(k; t, t ′) as
in Fig. 19. With Fig. 19, we calculate Qab(k; t, t ′) up to O(M2) in a perturbational
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Perturbation expansion

Velocity

Response function
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Kraichnan, R. H. (1959) “The structure of isotropic turbulence 
at very high Reynolds number,” J. Fluid Mech. 5, 497

Renormalized perturbation expansion theory
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DIA = line (propagator) renormalization (lowest-order in vertex) 
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Fig. 22 Vertex term of O(M4) not included
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Fig. 24 Renormalisation of the mean Green’s function in Fig. 21

Qαβ (k; t, t ′) and Gαβ (k; t, t ′). Namely, in the perturbation expansion, not all the
interactions (partial summation) but terms up to the infinite order are taken into
account (renormalisation). As a result of this, we obtain a closed system of equations
with respect toQαβ (k; t, t ′) and Gαβ(k; t, t ′),

LQαβ (k; t, t ′)

LGαβ (k; t, t ′)

⎫
⎬

⎭ = Functional of Qαβ and Gαβ . (230)

This procedure, in general, is called partial infinite summation or renormalisation.
This method is very powerful in dealing with strong nonlinear interactions, which
cannot be truncated in the expansion series. The propagator renormalised represen-
tation of Qab(k; t, t ′) and Gab(k; t, t ′) are symbolically expressed as in Figs. 23
and 24, respectively.

The basic idea of the renormalisation can be understood by considering a simple
infinite series,

f (x) = 1+ x + x2 + x3 + · · · , (231)
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Response functionCorrelation function
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Multiple-scale analysis

Velocity-fluctuation equation

Fast and slow variables

where

Slow variables X and T change only when x and t change much.

mirror-symmetric case: Yoshizawa, Phys. Fluids 27, 1377 (1984) 
non-mirror-symmetric case: Yokoi & Yoshizawa, Phys. Fluids A 5, 464 (1993)
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1st-order  
field

Response 
function

Scale parameter expansion
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Calculation of turbulent correlations with DIA

Formal solution in terms of 

u0
1↵(k; t) = · · ·
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in terms of the force terms (r.h.s.) and response functions
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Mean-field equations in compressible MHD
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Statistical assumptions on the lowest-order (basic) fields
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Basic fields are homogeneous isotropic
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with solenoidal and dilatational projection operators
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Dynamo coupled with large-scale flows: 
Cross-helicity effect in dynamo
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differential rotation, “Ω effect”

Mean field

Turbulence
B

U

∇U

Inhomogeneous HomogeneousHomogeneous

“Ansatz”

Modelling in dynamos
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(Yokoi, GAFD 107, 114, 2013)
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DNS of electromotive force in Kolmogorov flow (Yokoi & Balarac, 2011)

(Rahbarnia, et al. (2012) ApJ

Numerical validation of cross-helicity effect
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Pipin & Yokoi (2018) Astrophys. J. 859, 18

For a particular case of the fast rotating stars with solid body 
rotation regime, we show a possibility to sustain the strong 
dipolar B-field via α2γ2 dynamo.

Cross-helicity dynamo 
for fully convective stars (cool stars)
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Relative importance of 
cross-helicity to differential-rotation effects

Spatial distribution of cross helicity Relative magnitude of the cross-helicity 
to the differential rotation terms

Provided by Mark Miesch (2016)
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Global flow generation
Inhomogeneous helicity and cross helicity effects 

in momentum transport
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Vorticity

cf., Biermann battery

cf., Mean magnetic field 

Mean vorticity

Reynolds stress

electromotive force

vortexmotive force

Vortex generation
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Calculation of the Reynolds stress

where

Eddy viscosity

Theoretical formulation

Helicity-related  
coefficient

helicity inhomogeneity is essential

mixing length

Basic field: homogeneous isotropic but non-mirror-symmetric
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Set-up of the turbulence and rotation ωF (left), the schematic spatial profile of the 
turbulent helicity H (=〈uʹ・ωʹ〉) (center) and its derivative dH/dz (right).

7

We consider three values for the scale separation ratio,
kf/k1 = 5, 15, and 30 and determine ⌘/⌫T using Eq. (41)
by measuring Uy and H. We express time in terms of

⌧ = 1/urmskf , (42)

which is also used as an estimate of the correlation time
of the turbulence. Kinetic energy spectra, EK(k, t), are
normalized such that

R
EK(k, t) dk = hu2

i/2.
All simulations are performed with thePencil Code

1,
which uses a high-order finite di↵erence method for solv-
ing the compressible hydrodynamic equations. We use a
small Mach number so that the results are essentially the
same as for a purely incompressible flow.

B. Numerical results

The results are summarized in Table I. All simulations
show that the sign of ⌘ is positive. We find that ⌘/⌫T⌧2

is in the range of O(10�2) to O(10�1), depending on
Reynolds and Coriolis numbers (Co = !F⌧) as well as
scale separation. Run A shows clear generation of a mean
flow as seen from Eq. (41). This equation is also used to
determine ⌘/(⌫T⌧2) as the correlation coe�cient in Uy

vs. 2!y
FH; see the last column of Table I.

1. Mean flows

As we see from Eq. (41), the large-scale flow is expected
to be generated in the direction of the rotation vector !F

(or the large-scale vorticity ⌦) mediated by the helicity
e↵ect. The shape of the mean axial velocity component
Uy is shown in Fig. 3. A clear flow pattern with positive
and negative velocity is seen, which corresponds to the
velocity distribution given by Eq. (41).
In Fig. 4, we show the temporal evolution of the tur-

bulent helicity hu

0
·!0

i and the mean-flow helicity U ·!F.
In this simulation, the turbulent helicity hu

0
· !0

i is sus-
tained by the external forcing from the beginning of the

TABLE I: Summary of DNS results.

Run kf/k1 Re Co ⌘/(⌫T⌧
2)

A 15 60 0.74 0.22
B1 5 150 2.6 0.27
B2 5 460 1.7 0.27
B3 5 980 1.6 0.51
C1 30 18 0.63 0.50
C2 30 80 0.55 0.03
C3 30 100 0.46 0.08

1 http://github.com/pencil-code/

FIG. 3: Axial flow component Uy on the periphery of the
domain for Run B2 with kf/k1 = 5 and Re = 460.

simulation. Its spatial distribution reflects the forcing,
which is proportional to sin k1z so that H > 0 for z > 0
and H < 0 for z < 0. On the other hand, the mean-flow
helicity U ·!F is generated as the mean axial flow Uy is
induced by the inhomogeneous turbulent helicity e↵ect.
The magnitude of U · !F reaches an equilibrium value
around t/⌧ = 2000. Its spatial distribution is consistent
with the direction of the induced axial flow Uy.

FIG. 4: Turbulent helicity hu0 ·!0i (top) and mean-flow helic-
ity U ·!F (bottom) for Run C1 with kf/k1 = 30 and Re = 18.

2. Reynolds stress tensor

The y-z component of the Reynolds stress, hu0yu0z
i in

the early stage of development (averaged over time from
t/⌧ = 40 to 200), is shown in the top panel of Fig. 5.
The averaged magnitude of the Reynolds stress is drawn
with the dot dashed line, which suggests the peak magni-
tude normalized by the turbulent intensity hu02

i is about

Rotation

Inhomogeneous 
turbulent helicity

Summary of DNS results

x

yz

+z0

–z0

ωF
0

+z0

–z0

0

z

H

z

dH
dz

H(z) = H0 sin(⇡z/z0)

Yokoi & Brandenburg (2016) Phys. Rev. E. 93, 033125

DNS set-up Rotation + Inhomogeneous Helicity (by forcing)
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Axial flow component Uy on 
the periphery of the domain

Turbulent helicity 〈uʹ・ωʹ〉 (top) and 
mean-flow helicity U・2ωF (bottom)
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Global flow generation



Reynolds stress 〈uʹyuʹz〉 (top), 
helicity-effect term (∇H)z 2ωFy (middle), 
and their correlation (bottom).

Mean axial velocity Uy (top), turbulent 
helicity multiplied by rotation 2ωFH 
(middle), and their correlation (bottom).

Early stage Developed stage
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Reynolds stress



Ω*

u′
δωω′+

δωω′−

δu′ = τu′×Ω*

δU+ = τ 〈δu′ × δω′+〉δU− = τ 〈δu′ × δω′−〉

δΩ = ∇×δU

δH+

δH−

VM ⌘ hu0 ⇥ !0i

Rij ⌘ hu0iu0jiReynolds stress

Vortexmotive force
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Physical origin



Local helical forcing

Inagaki, Yokoi & Hamba, Phys. Rev. Fluids, 2, 114605 (2017)

Reynolds-stress budget
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Angular momentum around the rotation axis

Vector flux of angular momentum

Helicity effect

Miesch (2005) Liv. Rev. Sol. Phys. 2005-1

Angular-momentum transport 
in the solar convection zone

r/R

H

0.7 1
0

Schematic helicity distribution

r2H > 029
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Large-scale flow generation by cross helicity

eddy viscosity

cross helicity

inhomogeneous helicity

D: deviatoric part

: absolute mean vorticity (mean vorticity + rotation)

cf.

: mean velocity strain
: mean magnetic-field strain

Turbulent cross helicity coupled with mean magnetic-
field strain may contribute to transport suppression and/
or global flow generation against the eddy-viscosity effect

Reynolds and turbulent Maxwell stress
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Velocity fluctuation  
induced by fluctuating Lorentz force

Associated vorticity

Large-scale flow induction due to cross helicity

in the direction of

in the direction of

u′

b′

δu′

δu′ = τJ J × b′

δu′ = τJ J × b′

δω′ = ∇ × δu′

δω′ = ∇ × δu′

〈u′ ⋅ b′〉 > 0δU = τ 〈u′ × δω′〉
 ∝  〈u′ ⋅ b′〉 ∇ × J

δU = τ 〈u′ × δω′〉

J

J

J

 ∝ – 〈u′ ⋅ b′〉 ∇ × J
 ∼ + (τ τJ / ℓ

2) 〈u′ ⋅ b′〉 J
δΩ = ∇ × δU

Physical interpretation of 
large-scale flow generation by cross helicity

Mean electric-current distribution



Summary

• Formulation for strongly non-linear and 
inhomogeneous/anisotropic turbulence 

• Dynamo (or transport suppression) by cross helicity 

• Flow generation (or momentum transport suppression) 
by kinetic helicity and cross helicity
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