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Two inviscid quadratic invariants: 
Energy

𝝎 = 𝛻 × 𝒖𝑍 =
1

2
< |𝝎|2>,Enstrophy

Both are definite positive 

- Inverse cascade of energy

- Direct cascade of enstrophy

(Fjørtoft 1953, Kraichnan 1967)

2

𝐸 =
1

2
< |𝒖|2>,

Inverse cascade of energy

2D turbulence 

Online Advanced Study Program on Helicities in Astrophysics and Beyond



Energy / enstrophy fluxes in spectral spaceEnergy spectra

𝑘−5/3

𝑘−3

Injection scale of energy

(Boffetta & Musacchio, PRE 2010)
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Inverse cascade of energy

2D turbulence 
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(Musacchio & Boffetta, PRF 2019)
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Energy spectra Energy flux

Inverse cascade of energy

3D turbulence  in a slab 

𝑢ℎ

𝑢 − 𝑢ℎ

𝑢ℎ

𝑢 − 𝑢ℎ

2D turbulence 
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(Plunian et al., JFM 2020)
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Inverse cascade of energy

3D helical turbulence 
Velocity field

Flux

Energy spectra

2D turbulence 
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3D turbulence  in a slab 



Two inviscid quadratic invariants 
Energy

𝝎 = 𝛻 × 𝒖Helicity

Only energy is definite positive 

- Direct cascade of energy

- Direct cascade of helicity

(Chen, Chen, Eyink & Holm, PRL 2003)
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𝐸 =
1

2
< |𝒖|2>,

In 3D turbulence

𝐻 =
1

2
𝒖.𝝎,



Helical mode decomposition

In spectral space

- Non helical state  𝑢+(𝒌) = 𝑢−(𝒌)
- Maximal Helical state    𝑢+(𝒌) = 0, or 𝑢−(𝒌) = 0

𝐸𝑢 𝑘 =
1

2
𝑢+(𝒌) 2 + 𝑢−(𝒌) 2

𝐻𝑢 𝑘 =
𝑘

2
𝑢+(𝒌) 2 − 𝑢−(𝒌) 2
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In a maximal helical state both energy and helicity are sign definite



Maximal Helical State

𝐸 𝑘 =
1

2
< 𝑢+(𝒌) 2>

𝐻 𝑘 = ±
𝑘

2
< 𝑢±(𝒌)

2
>
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2D Turbulence

Energy

Enstrophy

Energy

Helicity

𝐸 𝑘 =
1

2
< 𝑢2𝐷(𝒌) 2>

Z 𝑘 =
𝑘2

2
< 𝑢2𝐷(𝒌) 2>

- Inverse cascade of energy

- Direct cascade of enstrophy
- Inverse cascade of energy

- Direct cascade of helicity

-7/3
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Both are sign definite

Two inviscid quadratic invariants 



Solving the decimated Navier-Stokes equations

Biferale et al (2012, 2013) 
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Possible triads
(𝒗+, 𝒗+, 𝒗+)
(𝒗+, 𝒗+, 𝒗−)
(𝒗+, 𝒗−, 𝒗−)
(𝒗−, 𝒗−, 𝒗−)



Solving the full Navier-Stokes equations
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Separated injection scales of energy and helicity



Solving the full Navier-Stokes equations
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Separated injection scales of energy and helicity
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Energy injection
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1 ≤ 𝑘𝐻 ≤ 100

1 ≤ 𝑘𝐻 ≤ 20

5 ≤ 𝑘𝐻 ≤ 20
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Solving the full Navier-Stokes equations
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Solving the full Navier-Stokes equations
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Solving the full Navier-Stokes equations
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Solving the full Navier-Stokes equations
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Helical modes decomposition
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Helical modes decomposition
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Helical modes decomposition
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Fluxes among homochiral triads Fluxes among heterochiral triads
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Velocity Helicity



Conclusions

• Using 3D DNS we find a dual cascade, inverse for energy and

direct for helicity.

• A necessary condition is that positive (or negative) helicity is

injected in a sufficiently broad range of scales, on both sides of the

energy injection range of scales.

• The triads responsible for the inverse cascade of energy are the

triads of positive (resp. negative) helical modes, consistent with the

homochiral framework.

• The turbulence is fully 3D
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Reference: Plunian et al., JFM (2020)


